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Abstract-A mathematical model for the determination of the value of a time interval 
as sensed by a living organism is discussed. This model estends previous work to include 
the fact that sensing may be a Gaussian white noise function of age. 
I. INTRODUCTION 
Questions of time sense are of great relevance to a number of disciplines; psychology and 
gerontology, to name a couple. Consequently, biologically reasonable mathematical 
models can be of great use to researchers in these fields. 
Tauber [I] discusses two models which attempt to address the question of time pre- 
ception in a living organism. 
2. TIME MODEL BASED ON AGE ONLY 
In this model, Tauber [l] assumes that the organism uses only its age as a time notion. 
Under a number of assumptions, Tauber derives the following equation, 
for T, the time that 
Tauber’s second 
dT 
da= 
- kT, (1) 
an organism A feels or thinks that a given time interval T,-, lasts. 
model, 
dT -= 
dn 
- kT + k(n), (2) 
is a generalization of that model to include external influence due to some periodic phe- 
nomenon 
3. STOCHASTIC EFFECTS 
The proportionality constant k in Tauber’s models can be seen to represent a fixed 
constant which is independent of age. However, it is biologically both natural and rea- 
sonable to assume that k fluctuates, in a stochastic manner, with age. That is to say, not 
every person of the same fixed age CI will perceive To to be the same length. If we consider 
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,t to be 
ko. 
As a 
the perception constant. then 1; must actually fluctuate about some mean value 
first step in addressing this problem, we write 
k = k(a) = ko + y(a), (3) 
where y(n) is a Gaussian white noise process satisfying 
E[YWl = 0 
var[y(a)] = u’). 
(4) 
If we now assume that h(a) is a deterministic function, then replacing (4) into (3) we obtain 
2 = [-kCJT + h(a)] - y(a)T, (5) 
which is a special case of the general stochastic differential equation 
T = f(T) + g(TMa), (6) 
where 
f(r> = -koT + h(a) (7) 
g(T) = -T. 
The solution to (6) is a diffusion process T(n) whose transition p.d.f. p(~,a) satisfies 
the forward Kolmogorov-Bogolubov equation given by 
ap(T,fl) ___ = 
au - ~Mw)Phn)l + i 1 
f $ [V(~,CIM~,n)l. 
Using Stratonovich stochastic calculus, 
(9) 
v(T,U) = &[T(U)]. 
Because of the generality of h(a), we consider h(cr) = 0 as a first case. Hence, we are 
considering a stochastic version of equation (1). In this case, 
Replacing (10) into (8) 
equation of the form: 
b”f(T,U) = (G ) - ko T (10) 
v(T,U) = U’T’. 
we arrive (after some algebra, see Witten [II]) at a partial differential 
Stochastic time aberration 
where 
7. = the initial population size 
p(~,a;~~) = the transition p.d.f. 
Witten [Z!] has shown that the solution to (11) is given by 
A(y,n;yo) = 
($a)-“? exp [ _ (Y--J 
which leads to the following solution for the transition p.d.f.: 
P(Td;To) = d& exp [h(T/TO) - ken]' 2cJ’n 1 
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(13) 
(14) 
4. DISCUSSION OF RESULTS 
Witten [2] has shown that it is possible to obtain a number of descriptors of (14). For 
example, the mode and median are given by 
M,(Lz,T~) = 7. exp [(k, - U~)CI] 
VZ~(~;T~) = 7. exp [k,a]. 
Hence m, (n;.ro) is constant if k. = a2 (hence the maximum is constant), m, 
r~‘, and ml -j = if k. > 19. One can also show that the rth moment is 
E[T’(n)] = TGexp [r(ko + $)a] r = 12,. , 
Finally, 
J- 
v 
P(y,n;‘i,) = p(c,n;To)dT 
0 
= t + herf[z - (:)($)“‘I 
I+Lerf 
[ 
In(J/To) - koa =- 
Jv j(k’a) 1 
0 if k. < 
(161 
(17) 
(18) 
where (18) represents the distribution function for the size of 7. 
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In a stochastic model of this type, it is also relevant to discuss T’(S.~:T~), the probability 
that T(a) passes the value S for the first time in the interval (0.0 + dn) given that T(ao) 
= 70. Witten [l] has discussed this problem and shown that it is a first passage problem 
which has solution p.d.f. given by 
r(s,u;To) = 
In(_;o/S) 
[ 
[In(S/_;o) - lioa]’ 
a.‘(2XJ’a) exp - 2cT’LI 1 
Equation (19) allows us to calculate the most likely age a* at which first 
This is given by the mode of the distribution, and can be shown to be 
[ln(_;o/S)]’ 
3a’ 
ko = 0 
fl* = : + J[ (:)I + (2)’ M;olS)] -- 
k; ( 1 
x 
‘0 1 
z o 
-i 
u- 
5. CLOSING COMMENTS 
The models of Tauber [I] are generalized to include the fact that not everyone of the 
(19) 
passage occurs. 
(20) 
same age will view a fixed time interval To to have the same length. This generalization 
allows US to calculate the probability that an individual of age CI will observe an interval 
of length TO to have length T. The moments of this distribution are calculated. And it can 
be seen that T(a) follows a log-normal distribution which is positively skewed and has a 
positive excess of kurtosis. An alternate discussion, for the colored noise case, may be 
found in Karmeshu and Gupta [3]. We also address the question of at what age will the 
organism first perceive a time interval of length To to exceed a certain value S. 
This question of first passage has relevance not only to the general question of “time 
sense” in living organisms, but also to more practical aspects, such as age dynamic models 
of information task latency (Green 141, Witten [5]). Let us briefly, as a further illustration, 
examine the latency model discussed in Green [4] and Witten [S]. 
Let f,(u) be the latency of an individual of chronological age a. Let L(n + A.a) be the 
latency of an individual of chronological age a + ha. Now, the net change in latency 
over the chronological age interval [a, a + Au] is just 
AL = L(u + An) - L(u). (21) 
Now, observe that the additive model, 
Lo - L, = 6, (22) 
is a true statement for any age difference. That is, if a + An is the age of the old group 
and a the age of the young group then the equation 
L(u + Au) - L(u) = b (23) 
is true for any value of Au. And, it should be true as Au -0. This implies that the change 
in latency over [a,~ + An] is given by 
Stochastic time aberration It)1 
AL., = hla (2-l) 
for the additive model. Using similar arguments. we can show that 
AL .I, = (c - IUtrL(a) (25) 
for the multiplicative model. 
Hence, the total change AL is just 
_lL = A!&, + AL.4 = b_!m + (c - I)Lh. (26) 
Dividing both sides of (76) by Sa and taking the limit as &I ---f 0 we obtain the classic 
first order differential equation 
dL - = b + (c - 1)L 
da 
L(O) = Lo 
(27) 
As we have pointed out in our discussion of perception, it is not natural to assume that 
all individuals of fixed age CI have the same latency. Hence, our discussion applies to this 
latency model, as well as other models of similar form. 
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